In this paper, the irreducible q-representations of G(0, 1) are discussed. We construct one and two variable models of irreducible q-representations of G(0, 1) in terms of q-derivative operator, and derive identities based on it.
Introduction
The idea of irreducible q-representations of a Lie algebra was first introduced by Manocha [5] . The models of the special complex Lie algebra sl(2, C) were constructed and using the techniques of fractional q-calculus, special function identities were derived involving qhypergeometric functions. Later, in Sahai [7] , the q-Euler integral transformation was utilized to obtain q-difference dilation operator models of irreducible q-representations of sl (2, C) . In this paper, we extend this idea to the Lie algebra G(0, 1). Precisely, we prove a classification theorem for irreducible q-representations of the Lie algebra G(0, 1) and give one and two variable models of this Lie algebra in terms of q-derivative operators. Section-wise treatment is as follows.
In Section 2, we list various results from the theory of q-special functions, needed for our discussion. The fractional q-derivative of order λ, Δ λ x , is defined. Next we introduce an operator D q defined as D q f (x) = Δ β−γ x x β−1 f (x) and then make use of generalized q-Leibniz rule to obtain operator expressions for D q (xΔ x )D −1 q and D q (x)D −1 q . In Section 3, we discuss the irreducible q-representations of the Lie algebra G(0, 1) and prove a classification theorem. Based on the theorem, we construct canonical models of irreducible q-representations of G(0, 1) in one and (m + 1)-variables. In Section 4, we obtain identities based on the one variable model. In Section 5, we construct two variable models of representations R q (α, μ) and ↑ q (μ) of G(0, 1) in terms of q-derivative and q-dilation operators in which 1 φ 0 functions appear as the basis functions. These models are then transformed, with the help of a theorem, to the new models of irreducible q-representations of G(0, 1) in terms of q-derivative and inverse q-derivative operators of fractional order with basis functions involving the q-hypergeometric functions 2 φ 1 . Finally, in Section 6, these models are exploited for identities.
Preliminaries
The generalized basic or q-hypergeometric series r φ s is defined as [3] 
where q-shifted factorial (a; q) n is defined by
In other words,
The series r φ s terminates if one of the numerator parameter is of the form q −m , m = 0, 1, 2, . . . , and q = 0. When 0 < |q| < 1, the series r φ s converges absolutely for all x if r s; and for |x| < 1 if r = s + 1. If |q| > 1 and |x| < |b 1 ···b s | |a 1 ···a r | , then also r φ s converges absolutely. It diverges for x = 0 if 0 < |q| < 1 and r > s + 1, and if |q| > 1 and |x| > |b 1 ···b s | |a 1 ···a r | , unless it terminates. The q-analogue of the binomial function is
The q-analogues of the exponential functions are
and
We also make use of the function
defined for α = 0, −1, −2, . . . . This is a q-analogue of the gamma function and satisfies the functional equation
where 
where q = 0 when min(
The q-analogue of the Lauricella function [2] is defined by
The q-derivative operator is defined by
where the q-dilation operator T x is given by
The above derivative formula can be extended to a fractional q-derivative operator of order λ as
The generalized q-Leibniz formula for q-fractional derivative of product of two functions in terms of q-derivatives of each [5] , is established as
where the q-binomial coefficient is defined by
To construct new models of irreducible q-representations of G(0, 1), we introduce the operators D q and D −1 q defined as
Indeed, in general
Using (14), we obtain the following:
where Δ −1 x is q-integral in disguise. As we shall see later, Eqs. (19) and (20) will be instrumental in obtaining new models of G(0, 1).
The Lie algebra G(0, 1) and its q-representations
For any pair of complex numbers (a, b) the 4-dimensional complex Lie algebra G(a, b) with basis J + , J − , J 0 and E is defined by 
where (E) is the 1-dimensional Lie algebra generated by E. The q-representations of sl(2) have been extensively studied in [5, 7, 8, 10] . Further, the p, q-representations of the Lie algebra G(1, 0) were studied in [9] . We now extend this idea to the Lie algebra G(0, 1).
The Lie algebra G(0, 1) is the space of 4 × 4 matrices of the form 
with commutation relations
where O is the 4 × 4 zero matrix, constitute a basis for G(0, 1). Let V q be a complex vector space consisting of q-special functions with a basis {φ λ : λ ∈ S} such that the functions {f λ = lim q→1 φ λ : λ ∈ S} form a basis for a vector space, say, V . Let A(V q ) be the associative algebra of all linear operators on V q over the complex field.
A
satisfying the following conditions:
A q-representation ρ q of G(0, 1) is said to be irreducible if there is no proper subspace W q of V q which is invariant under ρ q .
If we define the operator C q on V q by
it is easy to check that
Obviously, as q → 1, ρ q reduces to a Lie algebra representation ρ of 
, where ξ λ+1 is a nonzero constant and λ + 1 ∈ S, or J + q f λ = 0. Similarly, the equation
(ii) S is connected in the sense: S = {λ + n: n is an integer such that n 1 < n < n 2 }, where n 1 and n 2 are integers. We do not exclude the possibility that n 1 = −∞ or n 2 = ∞. (iii) If λ, λ + 1 ∈ S, then ξ λ+1 , η λ+1 = 0, since otherwise the irreducibility of ρ q would be violated.
leads to the following relation:
defined for all λ ∈ S, where
we have
defined for all λ ∈ S where ξ λ+1 = 0 if λ + 1 / ∈ S. (vi) The representation ρ q of G(0, 1) is uniquely determined by a λ , a λ+1 = qa λ , and the spectrum S q of J 0 q . The nonzero constants ξ λ and η λ are not unique, and may be chosen arbitrarily, subject only to condition (31).
Denote by R q (α, u, μ) the q-representations of G(0, 1) defined for all α, u, μ ∈ C such that μ = 0, 0 Re α < 1, α is not an integer and S = {α + n: n = 0, ±1, ±2, . . .}; and by ↑ q (u, μ), the q-representations defined for all u, μ ∈ C such that μ = 0 and S = {0, 1, 2, . . .}.
We now have the following theorem: 
Theorem 1. Every q-representation ρ q of G(0, 1) satisfying conditions (30) and (31) is isomorphic to either a q-representation R q (α, u, μ) or a q-representation ↑ q (u, μ). For these cases, there is a basis of V q consisting of vectors f λ defined for each λ ∈ S such that
J 0 q f λ = [λ − u] q f λ , J + q f λ = μq u−1 f λ+1 , J − q f λ = [λ] q f λ−1 , E q f λ = μf λ , C q f λ = μ[u]λ f λ .(34)
Models of irreducible q-representations

A model in one variable for each of R q (α, u, μ) and ↑ q (u, μ) is
where, for R q (α, u, μ), λ ∈ S = {α + n: α ∈ C − {0}, 0 Re α < 1, n = 0, ±1, ±2, . . .}, while for ↑ q (u, μ), λ ∈ S = {0, 1, 2, . . .}. The model (35) satisfies the commutation relations (27) and (29) as well as (34). However, for obtaining identities involving q-hypergeometric functions we shall consider models R q (α, u, μ) and ↑ q (u, μ) corresponding to u = 0, in which case they will be denoted by R q (α, μ) and ↑ q (μ), respectively.
One-variable models of R q (α, μ) and ↑ q (μ)
A model in one variable for each of R q (α, μ) and
where, for R q (α, μ), λ ∈ S = {α + n: α ∈ C − {0}, 0 Re α < 1, n = 0, ±1, ±2, . . .}; while for ↑ q (μ), λ ∈ S = {0, 1, 2, . . .}.
(m + 1)-variable models of R q (α, μ) and ↑ q (μ)
where Φ D is the q-Lauricella function defined by (10) .
It can be verified that the models (36) and (37) obey the following:
as well as
and (29).
Identities based on one variable model
Considering that v(t) = 1 φ 1 a c ; q, t is a solution of
we have that u(t) = 1 φ 1 a c ; q, t t α , q α = a, is a simultaneous solution of
Note that t −α u is analytic at t = 0. Now, as in [1] ,
Using Weisner's expansion [11] , we get
which leads to the following identity, after some rescaling:
Two variable models
We have the following two variable model for the Lie algebra G(0, 1):
For 
Proof. The proof follows from the fact that
can be rewritten as
We apply Theorem 2 to models (47) and (48) to induce new models of R q (α, μ) and ↑ q (μ) as under:
Models of R q (α, μ):
where λ ∈ S = {α + n: α ∈ C − {0}, 0 Re α < 1, n = 0, ±1, ±2, . . .}. 
we get the following identity: 
